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Abstract

We analyze the performance of a Genetic Type

Algorithm we call Culling and a variety of other

algorithms on a problem we refer to as ASP.

Culling is near optimal for this problem, highly

noise tolerant, and the best known a~~roach. .
in some regimes. We show that the problem

of learning the Ising perception is reducible to

noisy ASP. These results provide an example

of a rigorous analysis of GA’s and give insight

into when and how C,A’s can beat competing

methods.

To analyze the genetic algorithm, we view it

as a special type of submartingale. We prove

some new large deviation bounds on this sub-

martingale w~ich enable us to determine the

running time of the algorithm.

1 Introduction

Genetic Algorithms (GA’s) have been widely studied

([7, 12] ) and are frequently applied by engineers in the

field to a great variety of problems. This interest is due

to several intriguing, intuitive motivations. Nonetheless

there is little understanding in the literature of when,

or whether, GA’s are better than competing methods.

This paper will review the motivations for GA’s and

then study their performance relative to competing al-

gorithms on some optimization and search problems.

We believe these problems are of some intrinsic inter-

est, having for example direct apphcations in learning

theory, and that our analysis sheds light on when and
why Genetic approaches are desirable.
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Consider the following problem, which we call ASPl for

‘Additive Search Problem’. Let X ~ {1,2, .,., L}N. We

have an oracle which returns the number of components

common to a query z E .%- and a target vector t c X.

The objective is to find twith as few queries as possible,

For simplicity, we always assume N > L.

Our genetic approach is to initiate a population P of

strings drawn randomly from X. At each generation

we “breed” random strings in P to produce a set of

new strings. The top scoring ones are then selected

to form a new population which, on average, is “fit-

ter” than the last generation’s. Iterating this appropri-

ately can be shown to result in a perfect string after

about O(IV log L log2 IV) queries. On ASP, the informa-

tion theoretic lower bound is f2(NlogL/loglV) queries,

and a local search algorithm requires !d(lVL) queries.

This thus represents the first problem we are aware

of on which a Genetic Algorithm can be analytically

shown more effective than known competitors such as

hill climbingz. In addition, a genetic approach is well

suited for a parallel machine. Our method solves ASP

in time O(@) on a parallel machine.

Standard genetic algorithms were first rigorously ana-

lyzed m [15, 19]. They view GA’s as quadratic dy-

namical systems. The GA’s we analyze use multlway

breading and hence can’t be modeled as a QDS.

Our genetic algorithm is very robust to noise. For ex-

ample, say the oracle returns a value which is corrupted

by Gaussian noise with u = ~. The performance

of our C;A is not affected. The performance of several

alternative algorithms degrades radically.

The problem of learning a half space with integer weights

from examples drawn from a uniform distribution has

been studied in [22, 23, 8, 4]. We show that this prob-

lem can be directly mapped into a noisy ASP problem,

yielding some solution techniques.

1AS P is related to the “Royal Road Function” of [14].

ASP is identical to the game of “Mastermind” except that

in Lfastermind the oracle also returns a second number, the

maximum number of components common to t and any per-

mutation of the components of x.

2C.f. [14] for a survey of the literature.
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Historically the main motivation for interest in GA’s niques which share this property, such as local search,

was Holland’s ‘LSchema Theorem”, which we review in simulated annealing, and tabu search.

section 2. The point is that GA’s may benefit by use of

memory. Instead of storing only one candidate like local

search, GA’s store a population of candidates and hope

to improve rapidly by combining ‘building blocks’ from

different candidates. The Schema Theorem indicates

that GA’s can search for useful building blocks, called

‘Schema’ (plural schemata), with huge ‘implicit paral-

lelism’. Unfortunately no explicit connection between

the Schema Theorem and optimization effectiveness has

ever been made. Our results clarify this issue.

Standard genetic algorithms differ from our proposal in

that they select ‘parents’ with probability proportional

to their fitness rather than culling offspring less fit than

a threshold. They perform badly on ASP, requiring

fl(~z log IV) queries. As we shall see, when applying the

standard genetic algorithm to solve ASP, the expected

gain per generation is of order 1. This means that it

takes Q( lV ) generations to solve the problem. By coll-

trast our proposal to cull the offspring gives an increase

of a standard deviation, of order a, per generation,

and thus solves the problem in about o generations.

In addition, the slower progress of st andard GA’s means

there is more time for random deviations to act. This

necessitates a larger population size.

‘Intrinsic parallelism’ might be thought more important

in case the useful schemata consist of many components,

say k, rather than 1 as in ASP, since there will then be

a vast number, (~)L~, of potential schemata to search

through. We address this question in section 6 with

regard to a generalization of ASP called k-ASP. Our

conclusion is that the GA’s do not succeed in realizing

gains due to ‘intrinsic parallelism’, but we give a binary

search based algorithm which does.

We also study averaging algorithms we call Mean Field

Approximations (since they are related to a calcula-

tional technique of this name in the physics literature).

These perform similarly to our GA’s on ASP and k-ASP,

but worse in some less symmetric situations.

Algorithms similar to Culling3 called “Evolution Strate-

gies” have been proposed and studied by 1. Rechenberg

[16],[17] and H. P. Schwefel[21]. For a recent review

of this work see [2]. Rechenberg [17] calculated con-

vergence rates on some simple problems for a Culling-

like algorithm with a population size of one, and pro-

posed heuristics based on these results. Schwefel[2 I]

gave an expression for expected progress rate of related

algorithms, but without recombination (crossover), and

studied as well proposals for dynamically changing mu-

tation rates.

One practical reason why GA’s are used widely is that

they are easy to apply to any novel area. Thus it is

important to compare C~A’s to other algorithmic tech-

3Culling was rediscovered by one of US[3] in ignorance of

this literature. Jt’e thank an anonymous COLT referee for

calling our attention to [~] and references therein.

Practical problems are often ‘blind’. In a blind problem,

one only has access to the fitness function by calling an

oracle. One must learn much of the structure of the

problem. In many blind applications it is well moti-

vated to think of the number of queries as the primary

cost of an algorithm (as opposed to, say, its computing

time). So for example consider the problem of designing

an intelligent system. After you set up the system, you

may have to allow it to go through an extensive and

costly learning procedure before you are able to eval-

uate its fitness. Holland has proposed[ll] using GA’s

to train ‘.Classifier Systems”, which interact in complex

environments and learn.

In complex environments one may have little under-

standing of the fitness function. For instance, consider

a model where each component of a string contributes

an additive amount to the fitness, and there is an ad-

ditional, unknown contribution due to interaction be-

tween the components. If the interaction terms can be

reasonably treated as random and smaller than the ad-

ditive components (though by no means negligible) then

our analysis of the Noisy ASP problem generalizes to

show that our GA will be an effective approach.

In summary we have studied the behavior of a variety

of algorithms on some natural search problems- ASP

and its generalizations- and given an application to a

learning theory problem. We have proposed a new Ge-

netic Algorithm and analyzed its performance on these

problems. Our analysis uses submartingale techniques

which may have some intrinsic, mathematical interest.

We have analyzed also the performance of the standard

Genetic algorithm. These analyses cast considerable

light on the motivations for GA’s. GA’s seem strong

on certain problems, especially in the presence of noise

or unknown interactions which can be modeled as noise.

Finally we have proposed a Parallel Search Algorithm

which can achieve the intrinsic parallelism motivating

GA’s in some cases (e.g. k-ASP) where GA’s can not.

52 reviews Holland’s Schema Theorem. 53 proposes a

genetic type approach we call ‘Culling’. 54 discusses

the ASP, and analyzes the performance of several algo-

rithms on it. \5 discusses the noisy ASP problem. ~6

discusses two generalizations of ASP. hi discusses an al-

ternative method for solving ASP which we refer to as

the Mean Field Approximation (hfFA) Algorithm. $S

reduces the problem of learning the Ising Perception

problem to an ASP problem.

2 Holland)s Schema Theorem

In this section we present the standard genetic algo-

rithm approach and recall the original motivation for

studying it4. Let .4 = {al, a!, . . . . a~} be an alphabet of

4The results of this section are due to [12]. A simple,

clear presentation may be found in [7], chapter 2.
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size L. The characters in A are referred to as “alleles”.

Let P ~ .-!N be a set of M strings of length IV over the

alphabet A The set P will be referred to as the pop-

ulation. A fitness function is a function F : -A’v — ‘1.

Suppose we are given an oracle for evaluating the fitness

of any string s E A N. We wish to find a string of high

fitness. The following method is the standard genetic

algorithm approach for solving such problems:

1. Initialize P as IVI random strings of length N.

2. Evaluate the fitness of the strings in P. If one is

optimal, quit.

3. Draw7 from P, with replacement, with probability

proportional to fitness, a new set Q of 2ibf strings

4. Breed these strings to form a set P’ of Af strings

Let P = P’ and go to 2.

There are many methods for breeding two strings. One

popular method (one point crossover) is to choose j uni-

formly between 1 and IV. Then the child of strings S1

and S2 has components s: for i < j and components s:

for i > j.

JVe now discuss the original motivation for this approach.

A ‘schema’ (plural ‘schemata’) is a geometric axis-parallel

hyperplane, that is an assignment of some letters to

some sites. For e.xarnple, C2 = al, CQ = as, CT = al is

a schema. Any string satisfying these component con-

straints is said to be a member of this schema. III a pat-

tern recognition context, schemata might be called ‘fea-

tures’. The notion is that certain schemata are building

blocks which combine to form good strings. Holland de-

fines the “fitness” of a schema to be the average fitness

of all its members in P.

Now draw a set Q of strings from our population as

in step 3 above. Then the expected frequency of every

schema in Q is proportional to its ‘fitness’. So we select

for ‘strong’ schemata.

Take the strings in Q and recombine them in order to

make new strings as in step 4. One might also ‘mutate’

by randomly changing the allele at each site with some

low probability pm How many schemata are left undis-

turbed by these operations? Let II denote a particular

schema, ,f(i7) denote its ‘fitness’, p denote the average

fitness of strings in the population, and let 6(H) denote

the length of H, i.e. the distance between its first and

last defining site, so that 6( fI)/(lV – 1 ) is the probability

the crossover point lies within the schema H. Let oH

clenote the order of the schema H, i.e. the number of

sites on which it is defined, so that the probability it will

not be corrupted by mutation is ( 1 –pn, )“H N 1 – oH~~n,.

Let 7n(H ) denote the number of examples of H in P and

m’(~) denote the expected number of examples of H in

F“. Then one can readily see:

This is Holland’s schema theorem. Note the RHS is an

underestimate of m’ as we have neglected the possibility

of crossovers and mut at ions producing T~ew examples of

H in P’. This equation says that any schema whose %t-

ness’ is greater than average by an amount greater than

then breakup probabihty (bounded by the quantity m

square brackets) exponentially increases its prevalence

in the population.

One may attempt to estimate the number Ns of schemata

so processed. Neglect mutation and consider (as a lower

bound) only schemata with breakup probability less than

c, a constant, i.e. schemata with length 6(H) < 10 ~

c(IV — 1 ) + 1. Now we may readily count

N~ > M(N – lo + 1)2~”-~

Holland’s oft repeated estimate that when we reproduce

a population of M strings we irnphcltly consider O(fif3)

schemata comes from plugging in Af = 2101Z (chosen so

that we expect in P to find one or fewer representa-

tives of each schema of order > lo/2) ( [7, p41]). This

specific 0(kf3) scaling relationship does not seem well

motivated to us. For any fixed <, we achieve an exponen-

tial relationship for any population size M polynomial

in N.

The upshot is that this procedure increments or decre-

ments the frequency of a vast number of schemata ac-

cording to their relative fitness, while using relatively

little computation. Holland describes this as a search

with “intrinsic parallelism”. The lure of utilizing this

efficiency has been the main intuition driving the field

of C~enetic Algorithms.

3 Is breeding proportional to fitness

optimal?

Let ~(i) denote the fitness of the ith string in the popu-

lation, and p = ~ ~,cP f(i) be the average fitness. Let

PA be the average fitness after sampling Proportional
to ~(i) as suggested by Holland: p~ = & ~,eP ~z(r’).

Now assume the distribution of fitness in the popula-

tion follows a Gaussian with deviation a. This might

reasonably be expected by the Law of Large Numbers

for Al, N >>1. Then we find

lm
PL-—

/
‘ -(’-fi)’l~”’dx = p + #/2px-e

pm c1

If the fitness is largely additive (linear), we will expect

/1 w O(N), and a ~ O(m). Then the gam in fitness

per generation ~~~ – U, is of order 1.

Now consider an alternate sampling method which we

refer to as culling. Let P be the current generation

of strings. Let p, a be the expectation and deviation in

the fitness of a string bred from P. The culling breeding

method is as follows:

1. Choose parents

Breed.

2. If child’s fitness

the child.

randomly and uniformly from P.

> y + a, accept. Otherwise, reject
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Since we accept any child better by a, we reject only

a constant fraction of the children. But we achieve a

gain pergeneration of fZ(a)=O(fi). More generally,

we could reject children of fitness less than p+~a and

optimize the parameter A.

An alternative implementation of the culling strategy

is: Let AI be the population size and let a > 1 be

some fixed constant. C.enerat,e aAY strings by randomly

breeding members of the current population. Set the

new population to be the top Al of these a?vl strings.

4 Additive Search Problem

We now turn to the ASP, defined in the introduction.

Note that a solution to ASP is an N bit string over L al-

leles. It evidently requires NlogL bits of information to

specify the answer. Each time it is queried, the Oracle

returns a number from O to N, the fitness. Thus the or-

acle returns at most Iog( N ) bits of information. Hence,

any algorithm solving this problem must make at least

NlogL/logfV queries. Chvatal [5] shows that with high

probability y a set of 0( N log L/ log IV ) random queries

will completely constrain the solution. This shows that

the lower bound is tight, however it does not provide a

polynomial time algorithm to find the target.

The following is the most efficient algorithm we know of

for solving ASP. We have a current string, incorporating

any known distinguished alleles. Randomly change L

sites for which the distinguished allele is not yet known

and query. A finite fraction of the time the fitness will

change. If so, one or more changed sites either were

the distinguished allele, or became it (depending on the

sign of the fitness change). Find these sites by a binary

search, which will involve at most logL queries. Since

on average we take O(log L) queries to find each distin-

guished allele, this algorithm takes O(N log L) queries

to find the optimum string. J\Te have shown:

Theorem I ASP can be solved tn polynomial ttme us-

zng O(N log L) queries. Furthermore, aay algortthm

whzch solves d must use at least IO(N log L/ log N) querzes

in the worst case.

4,1 Hill Climbing and Genetic Approaches

We now discuss the performance of a simple hill climb-

ing algorithm and of a traditional genetic algorithm

on this problem. Consider the Random Mutation Hill

Climbing (RMHC) procedure [14]:

1.

2.

3.

-$.

Query on a random string, called “CFS” (Current

Favorite String).

Change a random site in CFS and query.

If mutated string is as good or better than CFS,

then set CFS to this string.

If not yet optimal string, go to (2).

This can easily be seen ([14]) to solve the problem in

time O(LArlog( N)).
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Next, we briefly analyze the performance of the stan-

dard GA described in section 2 when applied to ASP.

Since (by the argument sketched in !3) the expected

gain in average fitness per generation is of order 1, the

algorithm requires T = Q(N) generations to solve ASP.

Let M be the size of the population used by the al-

gorithm and let Npl be the mean fitness in the pop-

ulation at time t. In t steps, there will be a random

drift of about - in the number of correct alleles

per component. To make sure that none of the cor-

rect alleles disappear from the population in any of the

components we must require that Mpt > log(N)-.

Thus the size of the population must be at least M >

log2 (N )t/pt. Since the mean fitness grows by 1 per gen-

eration, pt increases by l/N per generation. Hence, for

large t we have that t/pt = Q(N). This means that the

size of the population must satisfy M > Q(N log2 N).

In N generations, the number of oracle calls made by

the algorithm is f2(N2 log2 N). A full analysis of the

performance of this algorithm on a problem similar to

ASP can be found in [15].

We have been discussing a GA with mutation rate set

equal O. finite mutation will not only impose a drift

towards weaker strings, it will also increase the variance.

It will remain true that we must choose the population

size to be C?(N log N). Hence, mutation will not improve

the scaling of the GA.

4.2 GA Approach Using Culling

Let j(x) denote the ASP fitness value of a string .r. The

culling approach of ~3 leads to the following algorithm

for ASP which we designate as GA2:

1.

2.

3.

4.

5.

The

Sett=O, p=l/L, Af=Llog N.

Choose M random strings with fitness at least pN.

Call this set P.

Let u = ~~.

Use M-way breeding to breed a new string z. If

~(z) < (p+ a)N discard x. Repeat this until M

strings have been generated. Set P to be this new

set of strings. If a string of fitness N has been

generated, stop.

Sett:=t +l; p:=p+a; M=
()

~ log2 N and

go to step 3.

breeding stratem-5 we refer to as Af-wa~ breeding is

the followin~: For a~l”k, the k’th componen~ of the cl~ild

string is chosen by picking a string uniformly at random

from P and using it’s k’th component. Thus, all strings

in the population have a chance of contributing to the

child. The rest of this section is devoted to sketching a

proof of the following theorem.

s A4-way breeding avoids correlations which would other-
wise obstruct our proof. Simulations show that culling also

works well with standard pairwise uniform crossover, but we

are unable to analyze it.



Theorem 2 Algorzthm GA2 w?ll solve the ASP prob-

lem with constant probability in O(o) generations and

O(N log? N log L) quertes.

Notice that the size of the population M is changing

as the algorithm progresses. In each generation the

average fitness of the population increases by at least

I? = ~=, which is known in advance. In ad-

dition there is a random drift. The size of the random

drift, however, is determined by the population size M.

What we must do now is to (a) estimate how long it will

take till p = 1, and (b) Show that M is large enough so

that the random drift doesn’t kill us, e.g. because fluc-

tuations remove all copies of a correct allele from the

population at some location.

The value of pN always serves as a lower bound on

the fitness of strings in the population. The number of

generations till p = 1 upper bounds the number of gen-

erations the algorithm requires, assuming that in every

generation it is possible to generate strings of fitness

(p+ a)h’.

Lemma 3 The number of generations tilt p = 1 isno

more than O(m).

Proof We ask first how many generations until p =

1/2. Disregard the (1 – p) term for simplicity as it will

change the result by at most a factor of 2. Start with

p = I/L. At eachgeneration, to begin with, p increases

by more than ~. So after ~ generations, p

has more than doubled, i.e. p > 2/L. Now at each

generation p increases by more than ~~. After

~~ generations, p has at least doubled again, to

4/L. Iterating this procedure logL times we find it takes

a total of less than

m(l+vz+v’z+f i+... +m)=o(v(m’-m

generations until p = 1/2 ( as the sum in the paren-

thesis is bounded by O(ti) since it is a geometric se-

ries). Now we must continue iterating from p = 1/2 to

p * (N – I)/N. (The next generation at this point will

result in a perfect string, since q = N.) In this second

half of the iteration we may disregard the p term in the

square root, and retain only the 1 —p term. The conver-

gence is now symmetrical, and takes fewer than O(m)

generations. ❑

Naively, since at each generation we sample ‘random

strings’ and ask to gain only one sigma in fitness, we

should have to examine only a finite number of children

per each one we accept. We analyze the number of

queries the algorithm makes under this assumption.

Lemma 4 Assumzng that only a constant fraction of

cht!dren are rejected tn step J of the algorithm, the total

number of querzes performed by the algortthm M

O(Nlogz Nlog L)

Proof Let pt be the value ofp at time t.First observe

that once pt > ~ we have that M < O(fllog2 N) im-

plying that frofi,that point on the algorithm will make

at most O(N log- N) queries. We show that this is also

the number of queries in the duration where pt < ~.

The proof of the previous lemma shows that p~ go~s

through log L doubling periods until it reaches pt = ~.

The number of queries within each doubling period 1s

upper bounded by tM = ~ logz N. It is not difficult to

see that throughout the algorithm, $ < O(N). Hence,

the number of queries in each doubling period is at most

O(N log2 N). Since there are log L doubling periods,

the lemma follows. n

The difficult part of the proof of correctness is showing

that it is possible to gain one u in fitness per genera-

tion. To prove this point we must analyze the behavior

of the number of correct alleles per component in ev-

ery generation. We first give some intuition and then

state the formal theorem. Let X(t, i) be a random vari-

able counting the number of strings m the population

containing the correct allele in component i at genera-

tion t. Let pt be the value of p at time t and let M~

be the size of the population at time t. Naively, after

t steps, the expectation of X(t, i) is bigger than Mtp~

and the random drift is bounded by ~-. Therefore,

to make sure that a correct allele doesn ‘t vanish from

the population in any of the N components we must re-

quire that Mtpt > log(N)/=. This implies that the

population size must satisfy Mt > log2(N)t/pt, which

is precisely the value used by the algorithm.

We now briefly sketch the formal proof for the correct-

ness of the algorithm. It is not difficult to see that the

variables X(t, i) are distributed as follows:

Lemma 5 For any t ~ O, gwen X(t, i) the variabie

X(t + 1, i) u btnonttally dtstrabuted over Mt+I experi-

ments wtth success probability

x(t, i)
~ +g(.Y(t,1),.. ., X(t, N))

for some positive function g : RN - [0, 1]. The functzon

g will be referred to as the gatn.

Since the gain is never negative,

.%”(O1i), A-(l, i), ., X(t, i)

forms a submartingale The main lemma we prove is

the following

Lemma 6 Suppose at tzme t the populat~on size was

defined to be Mt = kt/pt for some fixed k. Then for all

i,t, ~ > 0 we have

It should be clear that using Lemma 6 the heuristic

argument given above ;an now be made rigorous. To

see this take k = O(log- N) and o = O(log N).
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To prove Lemma 6 we must first analyze the behavior

of the gain function, g. The problem can be stated as

follows: we are given N independent Bernoulli random

variables, 21, . . . . ZN corresponding to the N compo-

nents of the strings. Let p% be the success probability of

the r$’th Bernoulli random variable, i = 1, . . . . h’. Each

Zi corresponds to the event that a randomly bred string

from generation t will contain the correct allele at com-

ponent i. Thus pi is simply X (t, i)/M~. The gain in

component i is

where T is the threshold used in step 4 of the algo-

rithm. The following lemma, which we state without

proof, gives a lower bound on the gain.

Lemma 7 Let P = ~~lpi = E[~Zz] andp = ~.

For T= P+ @we have

Notice that when all the pi’s are equal, we have that

p = pl in which case the gain is exactly /pl(l – pl )/N,

i.e. the gain is equal to one sigma.

Recall that our objective is to bound the large devia-

tions of the submartingale

X(o, i),.Y(l, i), . . .,. Y(t,i).

This can be achieved using Azuma’s inequality [1, p.

85]. However, since the inequality holds for any mar-

tingale, the resulting bound is too weak. Thus, we

need to prove an Azuma type inequality for our spe-

cial submartingale. We first consider a simpler problem

in which the gain at step t is fixed, i.e. it does not

depend on X(t,i).

Lemma 8 Let g : N + [0, 1] an arbitrarg functzon.

Consader the followtng submarttngale:

Xo = g(0) and

[

x~-~
.Y~ I .Y~-l z Binomial M, mzn( ~+9(t)J) 1

Then, for any t and A >0:

The function G(t) is the expectation of A“t since by in-

duction one can show that

E[.Y,] = E[E[X, I .l-,-l]] = EIX,-I + Afg(t)]

= G(t – 1)+ Mg(t) = G(t)

The function V(t) serves as an upper bound on the vari-

ance of Xt.

To see that the bound provided by Lemma 8 is better

than the Azuma bound consider the case where g(0) = p

and g(t) = O for t > 0. In this case G(t) = LIP

and V(t) = t?vlp. Since the gain is O, the variables

X., . . . . .Yt form a martingale. Azuma’s inequality shows

that Pr[Xt – Mp < –A] < e-~2j2tAf’. while Lemma 8

shows that Pr[.Yi – Mp < –A] < e–~zi2tMP which is

better since the random drift can now be bounded by

A=w.

Lemma 8 gives a good large deviation bound on a sub-

martingale in which the gain is constant at every gen-

eration. However, Lemma 7 shows that the gain is not

constant and can in fact be arbitrarily close to O. To

prove Lemma 6 we use Lemma 8 and argue that even

though the gain is not constant, it can be lower bounded

by some constant with high probability. We leave the

details for the full version of the paper.

5 Learning in the Presence of Noise

In this section we compare the performance of several al-

gorithms on noisy ASP, i.e. with a noisy fitness oracle6.

The noise model we use will be of the form ~(z) =

.f(~) + e(x) where f(z) is the true fitness of the string
and e(z) is a fixed noise function. For every ~, the value

of e(z) is sampled independently from a given distribu-

tion. Thus, e(~), e(y) are independent when z # y.

However, querying the fitness of a string z twice will

produce the same result both times. For convenience

we assume that E[e] = O. We denote by ae the stan-

dard deviation of the noise.

The binary search algorithm described in Section 4 can

be made to work in the presence of noise using a result of

Renyi [18]. Renyi shows how to perform binary search

using an unreliable oracle. However, the performance

of the algorithm degrades proportionally to the noise

deviation.

The hill climbing algorithm considered in Section 4.1

performs poorly in the presence of noise. In fact, for

some noise distributions such as the exponential distri-

bution, it does not converge at all.

We now turn our attention to analyzing how GA2 per-

forms in the presence of noise. We show that for ‘small’

noise the algorithm is unaffected. We first calculate the

expected gain in true fitness from one generation to the

next. Let z be a string generated by breeding random

strings from the current generation. Let A be the event

6There are two roughly equivalent versions of this prob-
lem. One is where the oracle returns a noisy version of the
true fitness, and the goal is to find the string of highest true

fitness. Alternatively, one might discuss the situation where

one simply desires to find the string z maximizing ~(z). In

the first case, no procedure can guarantee with arbitrary

confidence to return the optimal string, and in the second
case this can only be done by complete exhaustive search.

The methods we discuss solve either problem efficiently with
very high (but not arbitrary) confidence.
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that x is admitted into the next generation. Then

N

Pr[A] = ~ Pr[~(z) = k] Pr[e > T – k]

k=o

where T is the threshold on the noisy fitness which x

has to achieve. The expected true fitness in the next

generation will be

~ Sk Pr[.f(z) = k] Pr[e > T- k]
‘[~(z) t ‘] = Pr[A] k=O

Let pt be the value of p at time t.Let u = ~~.

Then T = Npt + ~. When the standard deviation of the

noise is much bigger than o the probability Pr[e > T–k]

will hardly change as k ranges from pt - a to pi+ cr.

Hence, E[j(.z) [ A] will change by very little from gener-

ation to generation. This means that there will be very

little gain from one generation to the next.

An example where the standard deviation of the noise

is larger than u is the uniform noise model with e uni-

formly chosen from 1, . . . . N. Here the standard devia-

tion is O(N) which is much larger than ~ which is

the value of a at the first few generations of the algo-

rithm. For this noise model we can show that

~[f(z) [ A] = Np, + O(p, ).

Hence, the gain in every generation is O(pt). Initially

p~ =, l/L wh~ch i: much smaller than ~ which is

the mltlal gam with no noise, We see that with such

large noise values, the expected gain per generation is

small implying a considerable slowdown.

We now consider models where the standard deviation

of the noise is much smaller than a. Say a, < u/10. We

rewrite the expected fitness of the next generation as:

~[.f(~) I ~1 =

. T

L ~ (T-k) Pr[~(*) = T- k]Pr[e > k] =
Pr[A]

k=–(N–T)

‘1

T–L
Pr[A] x

kPr[f(x) = T– k] Pr[e > k] ~

k=-(N-T)

T– *S kPr[e>k]

k=o

using the fact the E[e] = () it is not difficult to see that

~~=o k Pr[e > k] s ~u~. Furthermore,

Pr[.4] ~ Pr[f(x) > T] Pr[e > ()] ~ ~ x ~ = ~

Hence,

Thus, when a, < u/10 we see that the gain per genera-

tion is hardly effected by the noise. Hence, for such noise

models the CTA will suffer a minor slowdown. This re-

sult should be contrasted with other search algorithms

whose performance degrades considerably under these

noise models. In this noise regime, the robust binary

search algorithm is slower than GA2 by a factor of fi(fi),

and the RMHC is slower still or doesn ‘t converge at all,

depending on the noise distribution.

6 Generalizations of ASP

be thought moreHolland’s ‘intrinsic parallelism’ might -

important in case the useful schemata consist of many

components, say k, rather than 1 as in ASP, since there

will then be a vast number of potential schemata to

search through. Unfortunately, crossover breeding, used

in genetic algorithms, tends to break up such schemata.

Holland’s Theorem attempts to estimate gains from cin-

trinsic parallelism’ when this breakup is taken into ac-

count, but there is a big gap between the conclusion

of Holland’s Theorem and the goal of showing the GA

effective, especially compared to competing approaches.

To study this gap we propose a more complex problem,

k-ASP. Here there is a target division (unknown to us)

of the set {1, 2, .. . . N} of components into N/k groups

each of size k. A group of components is ‘correct’ in a

query vector z c X just in case z agrees with the target

vector t on all of the components in the group. The

oracle returns the number of correct groups times k,

and again we ask to find t.For example, take k = 2 and

t = 0110 where the first and second component form

one group and the third and fourth component form

another. Then the string 0100 would receive a score

of 2 even though there are 3 correct alleles. Note that

when k = 1 this problem is identical to ASP. As before,

we will assume that N >> Lk.

The following algorithm is an adaptation of the one pre-

sented in Section 4.2 to the k-ASP problem.

l. Sett=O, p=l/L, q=k/Lk, M=~W.

2. Choose Al random strings with fitness at least qN

Call this set P.

3. Let q = kpk and a = k<p~(l –pk)/N.

4. Use M-way breeding to breed a new string x. If

f(z) < (q + m)N discard .r. Repeat this until M

strings have been generated. Set P to be this new

set of strings. If a string of fitness N has been

generated, stop.

5. Setq:=q +a; p:=q+(l –q)pandgotostep3.

Here q is the fraction of correct groups in the population

and p is the fraction of correct alleles in the population,

The deviation in q is given by the expression for cr com-

puted in step 3, since the probability of generating a,

correct group is pk.

The reason we set p := q + ( 1 – q)p in step 5 is the

following: After step 4, the fraction of correct groups in
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the population is at least q + u, which is why we incre-

ment q by a. Now, in the Nq sites which correspond to

correct groups all alleles are correct. In the remaining

N( 1 — q ) sites the expected fraction of correct alleles

hasn’t changed~. Therefore there are N( 1 – q)p correct

alleles in those sites. Hence, the total number of correct

alleles in the population is now Nq + N(I – q)p. Conse-

quently, we obtain that the expected fraction of correct

alleles in the population is given by q + (1– q)p.

Note that unlike the algorithm in Section 4.2, the size

of the population M is fixed throughout the algorithm.

This is done for the sake of simplicity.

Theorem 9 The above algorithm w~ll solve the k-ASP

problem using O(NLk/@ queries with high probabil-

ity,

Proof Sketch: Following a similar argument to the

one given in Lemma 3 shows that assuming the algo-

rithm doesn’t get ‘stuck’ it will find the target string

within O(m) generations. The argument used in

Section 4.2 to bound the random drift shows that taking

Al = 0( ~m) ensures that the algorithm doesn ‘t

get stuck with high probability. Hence, the GA makes

a total of O(NLk/fl) queries proving the theorem. ❑

We note that the the Binary Search Algorithm from j4

can be adapted to solve k-ASP. At the random query

step, instead of randomly changing L sites as for ASP,

randomly change Lk sites, and then perform the binary

search. This can be seen to allow efficient solution of

k-ASP with only O(Nk log L) queries.

7 Mean Field Approximation

This section presents an alternative algorithm for noisy

ASP. The algorithm can easily be adapted to solve the

k-ASP problem as well (with Lk slowdown). We refer

to this algorithm as the Mean Field Approximation or

MFA since it is reminiscent of this approximation in

physics[13, Ch, 7]. As before, the noisy fitness value

will be denoted by ~(z) = ~(z) + e(x), where ~(z) is

the true fitness, and e(z) the noise. For simplicity we

assume the noise has expect ation O.

Algorithm(MFA):

1. Pick Ill random words in {O,. . . . L}~ and evaluate

their fitness value. The value of lvf will be deter-

mined later.

7T0 be precise, the expected fraction of correct alleles

in components which are not part of a correct group has

gone down by a negligible amount. We need to subtract the
probability of a correct group forming and renorrnalize. The

expected fraction of correct alleles in those sites is now ~

which for large k is very close to p. Using this refinement p

should be updated by p := q + (1– q)=

2. Iterate forj= 1, ..., N and perform the following

operations:

(a) Partition the set of words into L sets Al,..,, AL

according to the value of the j ‘th component.

The set Ak will contain the words containing

k in their j’th component. The size of each Ak

is roughly Ail/L.

(b) Define S(A~) = zz.~, f(x).

(c) Set xj to k where S(.4~ ) is the maximum of

S(A1),..., S4L)L).

3. Define the word z = zl~z. . . xjv and output z as

the target string.

The algorithm makes A4 oracle calls in total. Intuitively

the partition set implied by the correct allele has the

highest mean fitness value in every component. For

large enough ?vl fluctuations are overwhelmed and the

algorithm is likely to find the distinguished allele in ev-

ery component.

Consider the first component. Let Al, . . . . .4L be the

partition of the random words according to the value of

the first component. Let t 1 be the distinguished allele

in the first component. It is not difficult to show that

the expect ation “of S(A, ) is

{

[%] 14

E[S(A, )] =

[1+ (w]

when tl# r

Arl when tl= r

Recall that the expected size of 1A, I is ,+. Hence,

the bias towards the distinguished allele IS the differ-

ence between the two values which comes out to be

b = Q(M/L). The value of A4 should be chosen so

that the random drift in the values of S(A. ) should be

less than the bias. Therefore, we require that for r # tl,

the events

S(.4,, ) < EIS(A,I )]–b/2 and S(A,) > .@[S(A, )]+ b/2

will occur with small probability. This should be true

for all L partitions in all N components. We achieve

this by choosing M large enough so that the probability

of each of these events is less than O(e/NL) for some

c > 0. The algorithm will then find the correct solution

with some constant probability.

The value of S(,4~ ) can be written as S(JL ) = f(A, ) +

N(A~) where f(A, ) = ~re~r f(z) is the contribution

of the true fitness value and N(.4, ) = ~o.~r e(x) is

the noise. First note that E[N(A, )] = O and hence

.E[S(Ar )] = E[f(A, )]. We guarantee that the above

conditions will be satisfied by requiring that all the fol-

lowing events have probability less than O(c/NL):

1. f“(A,, ) < E[.f(A,, )] – b/4

2. f(A~) > E[f(.4, )] + b/4 for r # tl.

3. lN(Ar)l > b/4 for all r.
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We begin with the first two events. Observe that the where 1+1,L3 JYt is the symmetric difference of Il. and Ht

random variable ~(.4tl ) is a binomial random variable

over (N – I) flf/L experiments with success probability

I/L. The Chernoff bound [1, Th. A.13] tells us that

Pr[f(qt,) < ~[.f(Atl)] – ~v’’m/L] < e-”2/2

Hence, taking M = 16 Nlog(NL/e) and a = J-

will guarantee that

Pr[~(At, ) < E[.f(Atl)] – b/4] < c/N.L

The same N] will satisfy the second condition as well.

We now analyze event (3). For simplicity assume that

the noise is a Gaussian random variable with devia-

tion a. Since a sum of Gaussian variables is Gaus-

sian, the random variable N(Ar) is a C,aussian ran-

dom variable with deviation O(~a). Taking M =

16Lu2 log(NL/c) will ensure that

Pr[lN(Ar)\ > b/4] < e/NL

We see that taking ill = O((N + LCJ2) log(NL/c)) will

guarantee that the algorithm outputs the correct re-

sults with probability s. When n < ~ the first

term dominates and the algorithm is not effected by the

noise. When u > @ the algorithm w-ill suffer a

slowdown proportional to U2. In the previous section

we observed a similar behavior for the GA. However

the MFA algorithm, because it is oblivious, can be de-

feated by problems with less symmetry which the GA

can solve,

8 Learning Half Spaces with integer

weights

In this section we consider the “Ising Perception Prob-

lem”, aka the problem of learning half spaces of inte-

ger weight [22, 23, 8, 41. Let t c {l, –l}N be an N-

dimensional vector and let IYt be the “hyperplane (.z, t) z

O paining through the origin. We are given a number of

sam~les xl , z, in the N-dimensional unit ball classi-

fied ‘accor~ing to whether they are in Ht or not in H,.

The samples were chosen uniformly and independently

in the unit ball. A result of [81 shows that 1.44N ran-

dom samples suffice to uniqu;l~ determine t.Although

t is uniquely determined, it is of course NP-hard in gem

eral to find a Boolean hyperplane consistent with a set

of examples. [23] gave an algorithm which efficiently

determined t using 0( AT log N) random examples. We

show that the Ising Perception problem can be reduced

to a noisy ASP problem, and give some evidence that

our C,A can solve it using only 0(N) random examples.

Let u E {1, –1}~ be some N-dimensional vector. Define

the fitness h(u) of u to be

h(u) =
volume(Ht /3 HU)

volume(D~)

in the N-dimensional unit ball and DN is the N dimen-

sional unit ball. It should be clear that h(u) depends

only on the angle between v and t. Let ~(u) be the

number of components in which v and t match. Then

()(u)t)h(u) = ~ arccos ~
T

[

_a,CCoS j(u) -(N - ~(u))1—

T )

——

‘arcc+)T

Solving for f(u) we get

f(u) = :[cos(mh(u)) + 1]

Note that j(u) is exactly the ASP fitness function. We

can approximate the value of h(u) by picking s random

samples Z1, . ..., Z$ m the N-dimensional unit ball and

then compute h(u) defined by:

With ~(u) we may compute a noisy version of f(u).

Thus, we see that the Ismg Perception Problem reduces

to a noisy ASP problem. To use our results from the pre-

vious section we must make sure that the error values of

different strings are independent. This can be achieved

by selecting O(N) random examples each time our GA

needs to estimate the fitness of a string. This method

requires 0(N2) examples to learn the Ising Perception,

We conjecture that one could use our GA to learn the

Ising Perception using only O(V) examples by recycling

examples to compute the fitness of many strings. This

can be done by collecting a single set of O(N) random

examples and using them repeatedly to estimate the

fitness of each string. The correlations which will exist

do not seem critical intuitively, but defeat our current

proof techniques.

Consequently, we performed numerical experiments to

determine whether O(N) examples suffice for small N.

In our experiment we used 1 – h(u) as the fitness func-

tion rather than ~(u). We used the genetic algorithm

described in 54.2, with the modification that instead

of breeding until we have M strings of fitness at least

(P+ a)N, we bred 6iLf strings and kept the III strings
with the largest fitness. In cases where the C~A is effec-

tive, both methods produce a new population in 0(M)

steps with fitness increased by O(aN) and the second

method may be used with more general fitness func-

tions, such as 1 – ;(u), since it does not require the

calculation of a fitness threshold,

We ran experiments with a population size of N log N

using kN sample points with k between 2 and 5. For

values of N up to 800, k = 3 was sufficient to achieve

at least 90~o accuracy in finding the correct hyperplane.

The results are given below as number of successes/

total number of trials:
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N

50 100 200 400 800

2 6/10 4/10 1/10 0/10

k3 10/10 10/10 9/10 10/10 10/10

4 10/10 10/10 10/10 10/10

5 10/10 10/10 10/10

These results are consistent with the conjecture that

the GAcan solve the “PerceptronP roblem” with O(N)

examples.

9 Conclusion

We have set out to explore when, whether, and why

GA’s may provide more effective optimization algorithms

than alternative approaches. We reviewed the Schema

Theorem, which is the main intuition driving this hope.

We exhibited an example, which we call ASP, where the

Schema Theorem is fully satisfied, and yet the GA based

on it is inefficient. We suggested a different breeding ap-

proach called Culling which on general grounds should

frequently be more effective than standard GA’s. We

showed that Culling is near optimal on ASP, far bet-

ter than standard Hill Climbing approaches or GA’s,

and is highly noise tolerant. Culling is the best algo-

rithm known in some noise regimes. These are the first

results we are aware of demonstrating that C,A’s can

beat competing approaches. We have studied a number

of competing approaches, and found one, parallel bi-

nary search, which can achieve Holland’s ‘intrinsic par-

allelism’ on some problems where GA’s can not, e.g.

k-ASP. An interesting open problem is to extend these

analyses to other, more complex fitness functions.
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